1. The group theory. Let R be a normal subgroup of a free group F, let R' denote [R, R], and let bars denote the images of F onto F/R'. We first prove the following two facts. Proof of Corollary 1. Since R/Rk is torsion-free, it follows that if F/Rk is not torsion-free, there is an fEF, fER, so that for some integer n, fnERk-But then /" = 1 contrary to Theorem 1. It is clear that R/Rk is in the Hirsch-Plotkin radical H/Rk of F/Rk. If H/Rk properly contained R/Rk then H/R2 would properly contain R/R2 contrary to Theorem 2.
Proof of Theorem 1. Suppose that xnER' for some xEF and some positive integer n. Let 5=Sgp(P, x). Then R is normal in S and S/R is cyclic; consequently J?2S', On the other hand S = R and hence S'-R'. Since xnER', x"ES'. But S is a free group and hence xES' (since S/S' is torsion-free). Thus xER since R -S'. But xGP and xnER' imply that xER' (since R/R' is torsion-free). Hence xER' and F is torsion-free as is asserted in Theorem 1.
Before giving the proof of Theorem 2 we define the Schreier property and state a well-known fact as a lemma (cf. [2 ] for a proof for instance).
The transversal T of the subgroup 77 of the free group F on a free set of generators X, has the Schreier property if whenever yi • • • y" is a reduced word in T (with each y, an element of X or its inverse), then yi • • • y"_i is also in P Lemma. Let X be a free set of generators of a free group F, let 77 be a nontrivial subgroup of F, and let T be a transversal of H in F with the Schreier property. Then the set of nontrivial elements of TXT~xr\H is a free set of generators of 77.
Proof of Theorem 2. Let H be the Hirsch-Plotkin radical of F. to this last relation on the assumption that H properly contains R, or equivalently that the counter image 77 of H properly contains P. Suppose then that y EH, y ER-Let xGP be a member of a free set of generators of Sgp(y, R) and let 5 = Sgp(x, R). Then 5 is a free subgroup of the free group Sgp(y, R) and hence by the lemma (since 1 is in the transversal) x is a member of a free set of generators of S. But then each of the other free generators of this set may be modified by a suitable power of x to produce a set of free generators of 5 consisting of x and a set B of elements ba which are in R. Now S/R is cyclic and either of finite order n or of infinite order; in the first case P"= {l, x~x, • • • , x_n+1} and in the second case Tx= {l, x, xrx, x2, x~2, • • • } is a transversal of R in S with the Schreier property. We use the lemma again to pick a free set of generators of the subgroup R of the free group 5. When Tn is the transversal, this set will consist of xn and the conjugates b« for b"EB and t=0, 1, • • • , » -1. When Tx is the transversal, it will consist of b% for baEB and all integers i.
We will now have our contradiction when we show that if b is one 
<-o
When PM is the transversal (and also when Tn is the transversal with m-\), the elements b*m ' are free generators of P, and hence the product in the last expression is obviously not in R'. In case Pn is the transversal with m> 1, we let e denote a primitive «th root of 1 and note that (1 -e)'n?i0. We expand this expression by the binomial theorem and combine like powers of e after using only the relation e"=l wherever possible. Since (1 -e)m^0, it follows that it is not possible for all the coefficients of the ti to be zero after the combinations described. Looking back at the product describing
the bracket taken m times, we see that this product cannot be in R' as was to be shown. This proves the theorem.
2. The applications to geometry. Let T be a torsion-free finitely generated group with a nilpotent Hirsch-Plotkin radical N so that f=T/N is finite. We will call such a group V a nil-admissible group; thus a nil-admissible group T satisfies the diagram 1->N-+T^>f^>l with/ a finite group. By a theorem of Mal'cev [3] there is a unique connected, simply connected, nilpotent Lie group P(A0 with the following properties:
(1) N^LiN).
(2) LiN)/N is compact. as a group of transformations of L(N) by first defining the map \p so that \p(n, g) = n and then defining (n, g)m=\¡/((n, g)(m, e)) where n, mEL(N), gEA(L(N)) and e is the identity element of A(L(N)). We will call this the affine group of the nilpotent Lie group L(N). Thus T* has been interpreted as a subgroup of affinities of L(N). Since:
(1) T/N is finite, (2) L(N)/N is a compact manifold, (3) T is torsion-free, it is straightforward to verify that T operates properly discontinuously on L(N) and with compact fundamental domain. We have therefore proven the following theorem. Then the cohomology groups vanish, H"(T, G) =0 for all g>dim L(N).
In view of Corollary 1, when a normal subgroup R has finite index in a finitely generated free group F, then F/Rk is nil-admissible and hence Theorem 3 is directly applicable to V = F/Rk. 
